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SOLUTION OF A GENERAL VERSION OF ARMACOST’S
PROBLEM OF TOPOLOGICAL TORSION ELEMENTS
PRATULANANDA DAS AND AYAN GHOSH
Abstract. In this note, we consider an extended version of Armacost’s prob-
lem of ”description of topological torsion elements” of the circle group and
describe topological s-torsion elements (which form the statistically character-
ized subgroups, recently developed in [16]) in terms of the support which also
provides the complete solution of Problem 6.10 posed in [16] for all arithmetic
sequences.
1. Introduction and the background
Throughout R, Q, Z and N will stand for the set of all real numbers, the set
of all rational numbers, the set of all integers and the set of all natural numbers
respectively. The first three are equipped with their usual abelian group structure,
The circle group T is identified with the quotient group R/Z of R endowed with its
usual compact topology. For x ∈ R we denote by {x} the distance from the integers
i.e. the difference x− [x].
Recall that an element x of an abelian group X is torsion if there exists k ∈ N
such that kx = 0 (more specifically called k-torsion in this case). An element x of
an abelian topological group G is [8]:
(i) topologically torsion if n!x→ 0;
(ii) topologically p-torsion, for a prime p, if pnx→ 0.
It is obvious that any p-torsion element is topologically p-torsion. Armacost [2]
defined the subgroups
Xp = {x ∈ X : p
nx→ 0} and X ! = {x ∈ X : n!x→ 0}
of an abelian topological group X , and started their investigation, in particular
description of the elements forming the subgroups. Note that the above two notions
are just special cases of the following general notion considered in (Section 4.4.2,
[19]).
Definition 1.1. Let (an) be a sequence of integers. An element x in an abelian
topological group G is called (topological) a-torsion element if anx→ 0.
Further
t(an)(T) := {x ∈ T : anx→ 0 in T}.
of T is called a characterized (by (an)) subgroup of T, the term characterized ap-
pearing much later, coined in [5].
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(a) Let p be a prime. For the sequence (an), defined by an = p
n for every
n, obviously t(pn)(T) contains the Pru¨fer group Z(p
∞). Armacost [2] proved that
t(pn)(T) simply coincides with Z(p
∞) and x is a topologically p-torsion element iff.
supp(x) (defined later) is finite.
(b) Armacost [2] posed the problem to describe the group T! = t(n!)(T). It was
resolved independently and almost simultaneously in [19, Chap. 4] and by J.-P.
Borel [7].
In particular, in both the above mentioned instances, the sequences of integers,
concerned are arithmetic sequences. Recall that a sequence of positive integers (an)
is called an arithmetic sequence if
1 < a1 < a2 < a3 < . . . < an < . . . and an|an+1 for every n ∈ N.
As has been seen, some of the most interesting cases studied are the topological
a-torsion elements characterized by arithmetic sequences. The results of Armacost
[2] and Borel [7] were considered in full general settings with arbitrary arithmetic
sequences in [12] and then with more clarity in [15] where topological a-torsion
elements were completely described for a major class of arithmetic sequences.
However in certain sense, anx→ 0 seems somewhat too restrictive, for example
observe that, only countably many elements of T are topologically p-torsion even
if the sequence (an) = (p
n) is not too dense (it is a geometric progression, so
has exponential growth). Motivated by this observation, we intend to consider a
modified definition using a more general notion of convergence, as follows:
For m,n ∈ N and m ≤ n, let [m,n] denotes the set {m,m+ 1,m+ 2, ..., n}. By
|A| we denote the cardinality of a set A. The lower and the upper natural densities
of A ⊂ N are defined by [9]
d(A) = lim inf
n→∞
|A ∩ [0, n− 1]|
n
and d(A) = lim sup
n→∞
|A ∩ [0, n− 1]|
n
.
If d(A) = d(A), we say that the natural density of A exists and it is denoted by
d(A). For two subsets A,B of N, we will write A ⊆d B if d(A \B) = 0 and A =d B
if d(A△B) = 0. The idea of natural density was later used to define the notion of
statistical convergence ([22, 28], see also [10, 27, 23]).
Definition 1.2. A sequence of real numbers (xn) is said to converge to a real
number x0 statistically if for any ε > 0, d({n ∈ N : |xn − x0| ≥ ε}) = 0.
Over the years, the notion of statistical convergence has been extended to general
topological spaces using open neighborhoods [20] and a lot of work has been done
on the notion of statistical convergence primarily because it extends the notion of
usual convergence very naturally preserving many of the basic properties but at the
same time including more sequences under its purview paving way for interesting
applications (for example see [3, 11, 29]). The following two characterizations of
statistical convergence would be of much help in our investigations.
Theorem 1.1. [27] For a sequence of real numbers (xn), xn → x0 statistically if
and only if there exists a subset A of N of asymptotic density 1, such that lim
n∈A
xn =
x0.
Lemma 1.1. (Folklore) A sequence (xn) converges to ξ ∈ R statistically if and
only if for any A ⊆ N with d(A) > 0, there exists an infinite A′ ⊆ A such that
lim
n∈A′
xn = ξ.
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Under the circumstances, it seems very natural to use the notion of statistical
convergence to relax the condition anx → 0, i.e. we will consider the situation
when anx → 0 statistically (rephrasing Definition 1.2, in our context, this means
that for every ε > 0 there exists a subset A of N of asymptotic density 0, such that
{anx} < ε for every n 6∈ A).
Definition 1.3. Let (an) be a sequence of integers. An element x in an abelian
topological group G is called topological sa-torsion element (only topological s-
torsion when the given sequence (an) is fixed) if anx→ 0 statistically in G.
It has already been observed in the recent article [16] that the topological s-
torsion elements of T form a proper Borel subgroup of T of cardinality c for any
arithmetic sequence (an) which was named as an s-characterized (by (an)) subgroup
of T denoted by ts(an)(T) i.e. t
s
(an)
(T) := {x ∈ T : anx→ 0 statistically in T}.
In this note we intend to present a complete description of topological s-torsion
elements of T (given in Theorem 2.1 and Theorem 2.2) which in turn would answer
the following open problem posed in [16]:
Problem 6.10. Let (an) be an arithmetic sequence such that qn > 2 for infinitely
many n. Does there exist a characterization of the elements of the subgroup ts(an)(T)
only in terms of the support.
Before proceeding to our main result we present below certain basic definitions,
notations and results which will be needed in the next section.
Definition 1.4. An arithmetic sequence of integers (an) is called
(i) q-bounded if the sequence of ratios (qn) (where qn =
an
an−1
) is bounded.
(ii) q-divergent if the sequence of ratios (qn) diverges to ∞.
Lemma 1.2. [15] For any arithmetic sequence (an) and x ∈ T, we can build a
unique sequence of integers (cn), where 0 ≤ cn < qn, such that
x =
∞∑
n=1
cn
an
(1)
and cn < qn − 1 for infinitely many n.
For x ∈ T with canonical representation (1), we define supp(x) = {n ∈ N : cn 6=
0} and suppq(x) = {n ∈ N : cn = qn − 1}. Clearly suppq(x) ⊆ supp(x).
Now we are going to introduce some equations which will be used repeatedly
in our next section. Let (an) be an arithmetic sequence and x ∈ T has canonical
representation (1). Then we have, for all non-negative integer k,
i) qn · qn+1 . . . qn+k =
an
an−1
·
an+1
an
. . .
an+k
an+k−1
=
an+k
an−1
. (2)
ii) {an−1x} =
∞∑
i=n
ci
ai
· an−1 = (cn ·
an−1
an
+ cn+1 ·
an−1
an+1
+ . . .)
=
cn
qn
+
cn+1
qnqn+1
+ . . .+
cn+k
qn · qn+1 . . . qn+k
+
∞∑
i=k+1
cn+i
qn · qn+1 . . . qn+i
. (3)
iii) {an+kx} = an+k(
cn+k+1
an+k+1
+
cn+k+2
an+k+2
+. . .) = (
cn+k+1
qn+k+1
+
cn+k+2
qn+k+1 · qn+k+2
+. . .)
4 PRATULANANDA DAS AND AYAN GHOSH
= qn · qn+1 . . . qn+k
∞∑
i=k+1
cn+i
qn · qn+1 . . . qn+i
. (4)
From equations (4) and equations (3), we get
iv) {an−1x} =
cn
qn
+
cn+1
qn · qn+1
+ . . .+
cn+k
qn · qn+1 . . . qn+k
+
{an+kx}
qn · qn+1 . . . qn+k
. (5)
For all n ∈ N and k ∈ N ∪ {0}, we define
σn,k =
cn
qn
+
cn+1
qn · qn+1
+ . . .+
cn+k
qn · qn+1 . . . qn+k
. (6)
Therefore, equation (5) becomes,
v) {an−1x} = σn,k +
{an+kx}
qn · qn+1 . . . qn+k
. (7)
Further putting k = 0 in equation (5), we finally obtain
vi) {an−1x} =
cn
qn
+
{anx}
qn
. (8)
Let a = (an) be a given arithmetic sequence. Now for any B ⊆ N with d(B) > 0,
let t(aB)(T) = {x ∈ T : lim
n∈B
anx = 0 in T} and ts(aB)(T) = {x ∈ T : limn∈B′
anx = 0 in
T for some B′ ⊆ B with d(B′) = d(B)}. Therefore, for all B ⊆ N with d(B) > 0,
we have ts(an)(T) ⊆ t
s
(aB)
(T) and ts(an)(T) =
⋂
B∈[N]ℵ0 & d(B)>0
ts(aB)(T).
Lemma 1.3. If B ⊆ N with d(B) > 0 and x ∈ t(aB−1)(T) (where B − 1 = {k − 1 :
k ∈ B}) then the following hold:
i) If B ⊆d supp(x) and q-bounded, then B ⊆d suppq(x) and there exists B′ ⊆ B
with d(B) = d(B′) such that lim
n∈B′
{an−1x} = 1 in R.
ii) If d(B ∩ supp(x)) = 0, then there exists B′ ⊆ B with d(B′) = d(B) such that
lim
n∈B′
{an−1x} = 0 in R.
Proof. i) Let q = 1 + max
n∈B
{qn} and B′ = B ∩ supp(x). Since B′ ⊆ B and d(B \
supp(x)) = 0, we get d(B′) = d(B).
Therefore,
{an−1x} ≥
cn
qn
>
1
q
∀ n ∈ B′ (Since cn ≥ 1 for all n ∈ B′) .
But as x ∈ t(aB−1)(T), thus we can conclude that lim
n∈B′
{an−1x} = 1 in R.
Therefore,
1−
1
qn
< 1−
1
q
< {an−1x} =
cn
qn
+
{anx}
qn
<
cn + 1
qn
for almost all n ∈ B′ (From equation (8)).
⇒ qn − 1 < cn + 1 i.e. cn > qn − 2 for almost all n ∈ B
′.
Hence, cn = qn − 1 for almost all n ∈ B′ i.e. B′ ⊆∗ suppq(x), which implies
B ⊆d suppq(x).
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ii) Let B′ = B ∩ (N \ supp(x)). Since B′ ⊆ B and d(B ∩ supp(x)) = 0, we get
d(B′) = d(B). Now, from equation (8), we have
{an−1x} = 0 +
{anx}
qn
<
1
2
∀ n ∈ B′ (Since cn = 0 ∀ n ∈ B′).
Then in view of the fact that x ∈ t(aB−1)(T), we must have, lim
n∈B′
{an−1x} = 0 in
R. 
Lemma 1.4. Let (an) be an arithmetic sequence. Consider A ⊆ N with d(A) > 0
where A is not q-bounded. If ∄ any q-bounded subset A′ ⊆ A with d(A′) > 0 then ∃
a q-divergent set B ⊆ A with d(B) > 0.
Proof. Let Am = {n ∈ A : qn = m} for some m ∈ N \ {1}. Since ∄ any q-bounded
set A′ ⊆ A with d(A′) > 0, we conclude that d(Am) = 0 for all m ∈ N\{1}. If there
exists k ∈ N such that Am is finite for all m > k, then setting B =
∞⋃
m=k+1
Am, it is
easy to observe that B is q-divergent with d(B) = d(A) > 0 (since d(
k⋃
m=2
Am) = 0).
Otherwise without any loss of generality, we can assume that Am is infinite for
all m ∈ N \ {1}. Now, considering the sequence (Am)m∈N of density zero sets, one
can find C ⊂ N with d(C) = 0 such that Am \ C is finite for all m ∈ N \ {1} (for
explicit construction of such a set, see [27], also the existence follows from the fact
that Id = {A ⊂ N : d(A) = 0} is a P -ideal, see [10]).
Let, B = A\C. Since, d(C) = 0 and d(A) > 0, we must have d(B) > 0. Consider
any l ∈ N \ {1}. Let, nl = max {n : n ∈ Am \ C and m ≤ l}. Now, for all n ∈ B
with n > nl, we have qn > l. Since l was taken arbitrarily, it follows that B is
q-divergent. 
2. Main results
Theorem 2.1. Let, (an) be an arithmetic sequence and x ∈ T. Then x is a
topological s-torsion element (i.e. x ∈ ts(an)(T)) if and only if either d(supp(x)) = 0
or if d(supp(x)) > 0, then for all A ⊆ N with d(A) > 0 the following holds:
(a) If A is q-bounded, then:
(a1) If A ⊆d supp(x), then A + 1 ⊆d supp(x), A ⊆d suppq(x) and there
exists A′ ⊆ A with d(A′) = d(A) such that lim
n∈A′
cn+1+1
qn+1
= 1 in R.
Moreover, if A+ 1 is q-bounded, then A+ 1 ⊆d suppq(x).
(a2) If d(A ∩ supp(x)) = 0, then there exists A′ ⊆ A with d(A′) = d(A)
such that lim
n∈A′
cn+1
qn+1
= 0 in R.
Moreover, if A+1 is q-bounded, then d((A+1)∩supp(x)) = 0 as well.
(b) If A is q-divergent, then lim
n∈B
cn
qn
= 0 in T for some B ⊆ A with d(B) = d(A).
Proof. Necessity: Suppose d(supp(x)) > 0 and x ∈ ts(an)(T). Therefore, there
exists M ⊂ N with d(M) = 0 such that
lim
n∈M
{an−1x} = 0 in T. (9)
Consider any A ⊆ N with d(A) > 0. We take B = M ∩ A. Then B ⊆ A and
d(B) = d(A). As B ⊆ M , from equation (9), we get lim
n∈B
{an−1x} = 0 in T.
Consequently, there exists B ⊆ A with d(B) = d(A) such that x ∈ t(aB−1)(T).
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(a) Suppose first that A is q-bounded. The following two cases can arise:
(a1) First, suppose A ⊆d supp(x). Then B ⊆ A is q-bounded and B ⊆d supp(x).
Since, x ∈ t(aB−1)(T) and B is q-bounded, from Lemma 1.3 we conclude that
B ⊆d suppq(x) and lim
n∈A′
{an−1x} = 1 in R, where A′ ⊆ B with d(A′) = d(B).
Therefore, from equation (8)
1 = lim
n∈A′
(
cn
qn
+
{anx}
qn
) = lim
n∈A′
(
qn − 1 + {anx}
qn
)
= lim
n∈A′
(1−
1− {anx}
qn
)⇒ lim
n∈A′
1− {anx}
qn
= 0.
Hence, we get
lim
n∈A′
{anx} = 1 (Since, A
′ ⊆ B is q-bounded). (10)
Now from the definition of canonical representation (1), cn+1 ≤ qn+1 − 1 for all
n ∈ N. Again from equation (8), we have
{anx} =
cn+1
qn+1
+
{an+1x}
qn+1
<
cn+1 + 1
qn+1
≤ 1.
Hence from equation (10), it follows that
1 = lim
n∈A′
{anx} ≤ lim
n∈A′
cn+1 + 1
qn+1
≤ 1 i.e. lim
n∈A′
cn+1 + 1
qn+1
= 1 (11)
Now, qn+1 ≥ 2 for all n ∈ N. From equation (11), we can observe that cn+1+1 ≥ 1
( i.e. cn+1 6= 0 ) for almost all n ∈ A′. Which implies A′ + 1 ⊆∗ supp(x). Since,
d(A′ + 1) = d(A′) = d(B) = d(B + 1) ≥ 0, we obtain B + 1 ⊆d supp(x).
As B ⊆ A and d(B) = d(A), we must have A + 1 ⊆d supp(x), A ⊆d suppq(x)
and lim
n∈A′
cn+1+1
qn+1
= 1 for some A′ ⊆ A where d(A′) = d(A). If A+ 1 is q-bounded,
proceeding as in the first part of the proof, we get A+ 1 ⊆d suppq(x).
(a2) Now let d(A∩supp(x)) = 0. Since B ⊆ A, we must have d(B∩supp(x)) = 0.
Then from Lemma 1.3, we can conclude that lim
n∈A′
{an−1x} = 0 in R for some A′ ⊆ B
where d(A′) = d(B). Therefore putting k = 1 in equation (6) and equation (7), we
get
0 = lim
n∈A′
{an−1x} = lim
n∈A′
(
cn
qn
+
cn+1
qnqn+1
+
{an+1x}
qnqn+1
)
⇒ lim
n∈A′
cn+1
qnqn+1
= lim
n∈A′
{an+1x}
qnqn+1
= 0 (Since cn, {anx} ≥ 0 and qn > 0 ). (12)
Now as A′ ⊆ B is q-bounded, equation (12) implies that lim
n∈A′
cn+1
qn+1
= 0 in R, where
A′ ⊆ B ⊆ A and d(A′) = d(B) = d(A).
Moreover, if A + 1 is q-bounded, then vanishing of the last limit implies that
(A′+1)∩supp(x) is finite. Thus d((A+1)∩supp(x)) = 0 (Since, d(A′+1) = d(A+1)).
(b) Suppose A is q-divergent i.e. lim
n∈A
qn =∞. Then from equation (8), we get
lim
n∈B
( cn
qn
+ {anx}
qn
) = lim
n∈B
{an−1x} = 0 in T for some B ⊆ A where d(B) = d(A)
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⇒ lim
n∈B
cn
qn
= 0 in T (Since, {anx} < 1 and lim
n∈B
qn =∞).
Claim 2.1. Before proving the sufficiency of the conditions, we need to reformulate
the necessary conditions in a stronger iterated version. For any A ∈ [N]ℵ0 and
k ∈ N∪ {0}, we define Lk(A) =
k⋃
i=0
(A+ i). Now putting k = k+1 in equation (6),
we obtain
σn,k+1 = σn,k +
cn+k+1
qnqn+1 . . . qn+k+1
. (13)
Therefore, from equation (7) and equation (13), it follows that
{an−1x} = σn,k+1+
{an+k+1x}
qnqn+1 . . . qn+k+1
= σn,k+
cn+k+1
qnqn+1 . . . qn+k+1
+
{an+k+1x}
qnqn+1 . . . qn+k+1
(14)
⇒ σn,k ≤ {an−1x} < σn,k +
cn+k+1
qnqn+1 . . . qn+k+1
+
1
2(k+2)
. (15)
Let x ∈ T has canonical representation (1) such that (a) and (b) of Theorem 2.1
hold. Let A ⊆ N be q-bounded with d(A) > 0. If Lk(A) is q-bounded for some
k ∈ N ∪ {0}, then the following hold:
(i) If A ⊆d supp(x), then Lk(A) ⊆
d suppq(x) and lim
n∈A′+k+1
cn+1
qn
= 1 in R for
some A′ ⊆ A with d(A′) = d(A). Therefore there exists nk ∈ N such that
for all n ∈ A′ with n ≥ nk,
σn,k = 1−
1
qnqn+1 . . . qn+k
≥ 1−
1
2k+1
. (16)
Moreover if A+ k + 1 is q-divergent, then
lim
n∈A+k+1
cn
qn
= lim
n∈A
cn+k+1
qn+k+1
= 1 in R. (17)
(ii) If d(A∩ supp(x)) = 0, then d(Lk(A)∩ supp(x)) = 0 and lim
n∈A′
cn+k+1
qn+k+1
= 0 in
R for some A′ ⊆ A and d(A′) = d(A).
Sufficiency: If d(supp(x)) = 0, then from [16, Theorem 4.3] it readily follows
that x ∈ ts(an)(T). So let d(supp(x)) > 0 and supp(x) satisfy conditions (a) and
(b). To show that x ∈ ts(an)(T), in view of Lemma 1.1 it is sufficient to check the
convergence criterion: for all A ⊆ N with d(A) > 0, there exists B′ ⊆ A such that
lim
n∈B′
an−1x = 0 in T. Indeed without any loss of generality, we can assume that
either d(A ∩ supp(x)) = 0 or A ⊆d supp(x).
Case (i): First let A be q-bounded.
Subcase (ia): Let us first assume that Lk(A) is q-bounded for all k ∈ N ∪ {0}.
Let ε > 0 be given. Choose k ∈ N such that 12k+1 < ε.
∗ Let A ⊆d supp(x). Then, from (i) of Claim 2.1, Lk(A) ⊆d suppq(x). Therefore,
there exists B′ ⊆ A such that for all n ∈ B′,
σn,k = 1−
1
qnqn+1 . . . qn+k
≥ 1−
1
2k+1
> 1− ε
⇒ 1− ε < σn,k ≤ {an−1x} < 1 ∀ n ∈ B
′ (From equation (15)).
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∗ Let d(A∩ supp(x)) = 0. Then, from (ii) of Claim 2.1, d(Lk(A)∩ supp(x)) = 0
and lim
n∈B
cn+k+1
qn+k+1
= 0 in R for some B ⊆ A where d(B) = d(A). So, there exists
B′ ⊆ B such that σn,k = 0 and
cn+k+1
qn+k+1
< ε for all n ∈ B′. Therefore, from equation
(15), we get
{an−1x} < σn,k +
cn+k+1
qnqn+1 . . . qn+k+1
+
1
2(k+2)
< 2ε ∀ n ∈ B′.
Thus in both cases, we have lim
n∈B′
{an−1x} = 0 in T for some B′ ⊆ A, as required.
Subcase (ib): We assume that there exists an integer k ≥ 0 such that A+ k+1
is not q-bounded but A+ i is q-bounded for all i = 0, 1, 2, . . . , k. If there exists an
A′ ⊆ A such that d(A′) > 0 and A′ + k + 1 is q-bounded, then without any loss of
generality we can start with A′ in place of A. If this process does not terminate after
finitely many steps then we can conclude that there exists B ⊆ A with d(B) > 0
such that Lk(B) is q-bounded for all k ∈ N. Consequently, we can consider B in
place of A and proceed as in Subcase (ia).
Now let us consider the case when there does not exist any A′ ⊆ A such that
d(A′) > 0 and A′ + k + 1 is q-bounded. Therefore from Lemma 1.4, there exists
B ⊆ A with d(B) > 0 such that B + k + 1 is q-divergent i.e. lim
n∈B
qn+k+1 = ∞.
Clearly Lk(B) is q-bounded. Further more
lim
n∈B
{an+k+1x}
qnqn+1 . . . qn+k+1
≤ lim
n∈B
1
qn+k+1
= 0. (18)
Therefore, from equation (14) and equation (18), we get
lim
n∈B
{an−1x} = lim
n∈B
σn,k + lim
n∈B
cn+k+1
qnqn+1 . . . qn+k+1
+ lim
n∈B
{an+k+1x}
qnqn+1 . . . qn+k+1
= lim
n∈B
σn,k + lim
n∈B
cn+k+1
qnqn+1 . . . qn+k+1
.
∗ Let A ⊆d supp(x). Therefore B ⊆d supp(x). Consequently from equation
(16) of Claim 2.1 and equation (19), we get
lim
n∈B′
{an−1x} = lim
n∈B′
(1−
1
qnqn+1 . . . qn+k
+
cn+k+1
qnqn+1 . . . qn+k+1
)
= lim
n∈B′
(1 +
1
qnqn+1 . . . qn+k
· (
cn+k+1
qn+k+1
− 1)) = 1
for some B′ ⊆ B with d(B) = d(B′).
∗ Next let d(A ∩ supp(x)) = 0. Then there exists B ⊆ A such that σn,k = 0 for
all n ∈ B. Subsequently from (ii) of Claim 2.1 and equation (19), we have
lim
n∈B′
{an−1x} = lim
n∈B′
cn+k+1
qnqn+1 . . . qn+k+1
≤ lim
n∈B′
cn+k+1
qn+k+1
= 0
for some B′ ⊆ B where d(B′) = d(B). Thus in both cases, we again obtain that
lim
n∈B′
{an−1x} = 0 in T for some B′ ⊆ A.
Case (ii): We assume that A is not q-bounded. If there exists A′ ⊆ A such that
d(A′) > 0 and A′ is q-bounded then we can proceed as in Case (i) and consider A′
in place of A. So, let us assume that there does not exist any A′ ⊆ A such that
d(A′) > 0 and A′ is q-bounded. Then from Lemma 1.4, there exists B ⊆ A with
d(B) > 0 such that B is q-divergent i.e. lim
n∈B
qn = ∞. From hypothesis, we have
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lim
n∈B′
cn
qn
= 0 in T for some B′ ⊆ B with d(B′) = d(B). Therefore, from equation
(8), we obtain
lim
n∈B′
{an−1x} = lim
n∈B′
(
cn
qn
+
{anx}
qn
) = 0 in T (Since lim
n∈B′
{anx}
qn
< lim
n∈B′
1
qn
= 0 ).
Hence in all cases, we can conclude that for any A ⊆ N with d(A) > 0, there exists
B′ ⊆ A such that lim
n∈B′
{an−1x} = 0 in T. This shows that x ∈ ts(an)(T) i.e. x is a
topological s-torsion element of T. 
Remark 2.1. Since, for all n 6∈ supp(x), we have cn = 0, it is sufficient to consider
only subsets of supp(x) in item (b) of Theorem 2.1.
One must observe that Theorem 2.1, though providing the characterization of a
topological s-torsion element for all arithmetic sequences (an) does have a short-
coming in the sense that it is perhaps too complicated for real application to see
whether for a given arithmetic sequence (an), an element x is a topological s-torsion
element, because one literally has to check the conditions for every subset A of N
with positive density. In the remaining part of the article we follow in the line
of investigations of [15] which would show that in certain circumstances, one can
obtain much more simplified and ”easy to apply” equivalent criterions for the same.
Before proceeding further, let us recall the following notion of ”splitting” sequences
which were considered in [15].
Definition 2.1. [15, Definition 3.10] A sequence (qn) of natural numbers has the
splitting property if there exists a partition N = B ∪ I, such that the following
statements hold:
(a) B and I are either empty or infinite;
(b) I is q-divergent, in case I is infinite;
(c) B is q-bounded, in case B is infinite.
Here, B and I witness the splitting property for (qn), where B and I can be uniquely
defined up to a finite set.
Proposition 2.1. [15, Proposition 3.11] A sequence (qn) has the splitting property
if and only if there exists a natural number M such that the set {n ∈ N : qn ∈
[M,m]} is finite for every m > M .
As a natural consequence, we can think of generalizing the idea of a splitting
sequence using natural density.
Definition 2.2. We say that, a sequence (qn) of natural numbers has the d-splitting
property if there exists a partition N = B ∪ D, such that the following statements
hold:
(a) B and D are either empty or d(B), d(D) > 0.
(b) If d(B) > 0, then there exists B′ ⊆ B with d(B′) = d(B) such that B′ is
q-bounded.
(b) If d(D) > 0, then there exists D′ ⊆ D with d(D′) = d(D) such that D′ is
q-divergent.
Here, B and D witness the d-splitting property for (qn), where B and D can be
uniquely determined up to a zero density set (i.e. if B1 ∪D1 is another partition of
N, witnessing the d-splitting property for (qn), then B1 =d B and D1 =d D).
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Proposition 2.2. A sequence (qn) has the d-splitting property if and only if there
exists a natural number M such that d({n ∈ N : qn ∈ [M,m]}) = 0 for every
m > M .
Proof. We assume that (qn) has the d-splitting property. Now two cases can arise:
* At first, we consider B = ∅. Then there exists a D′ ⊆ N with d(D′) = 1
such that D′ is q-divergent. Take any m ∈ N. Since D′ is q-divergent, there
exists an nm ∈ N such that qn > m for all n > nm and n ∈ D′. We set
M = 1. Then it is evident that for all m > M
d({n ∈ N : qn ∈ [M,m]}) ≤ d({n ∈ D
′ : qn ∈ [M,m]}+ d(N \D
′)
≤ d({n ∈ D′ : n ≤ nm}) = 0.
* Let B 6= ∅. Then we have d(B) > 0 and consequently there exists a
B′ ⊆ B with d(B′) = d(B) such that B′ is q-bounded. In this case, we set
M = 1 + max
n∈B′
{qn}. Therefore, for any m > M , we obtain
d({n ∈ N : qn ∈ [M,m]})
≤ d({n ∈ B′ : qn ∈ [M,m]}) + d(B \B
′)
+ d({n ∈ D′ : qn ∈ [M,m]}) + d(D \D
′)
= d({n ∈ D′ : qn ∈ [M,m]}) = 0 (From equation (19).
Conversely, let there exists a natural number M such that d({n ∈ N : qn ∈
[M,m]}) = 0 for all m > M . We set B′ = {n ∈ N : qn ∈ [1,M − 1]} and
D′ = N \B′.
* If d(B′) > 0 and d(D′) = 0, then we take B = N and D = ∅.
* If d(B′) = 0 and d(D′) > 0, then we take D = N and B = ∅.
* If d(B′) > 0 and d(D′) => 0, then we take B = B′ and D = D′.
Clearly, B and D witness the d-splitting property for the sequence (qn). 
From Proposition 2.1 and Proposition 2.2, it is obvious that every splitting se-
quence is a d-splitting sequence. However the converse is not necessarily true,
nor it is true that every subset of N has the d-splitting property (an example not
having splitting property was given in Example 3.12 [15] but one must take into
consideration that a non-splitting sequence can still be d-splitting).
Example 2.1. Let A1 = {n ∈ N : n = k2 for some k ∈ N}, A2 = {n ∈ N : n =
k2+1 for some k ∈ N}\A1, . . . , Ai+1 = {n ∈ N : n = k2+i for some k ∈ N}\
i⋃
j=1
Aj.
Take any n ∈ N. One can find a k ∈ N such that k2 ≤ n < (k + 1)2. So we can
write n = k2 + i for some i ∈ N ∪ {0} i.e. n ∈ Ai. Therefore, N =
∞⋃
i=1
Ai i.e.
(Ai)i∈N forms a partition of N.
For each m ∈ N, we now define qn = m for all n ∈ Am. Clearly, for m,M ∈ N
and m > M , we have {n ∈ N : qn ∈ [M,m]} =
m⋃
i=M
Ai. Since d(Ai) = 0 for
all i ∈ N, we get d({n : qn ∈ [M,m]}) = 0 for all m,M ∈ N and m > M .
Therefore, from Proposition 2.2, (qn) is a d-splitting sequence. But, we can observe
that {n : qn ∈ [M,m]} cannot be finite for any m,M ∈ N and m > M (since Ai
is infinite for all i ∈ N). Therefore, from Proposition 2.1, (qn) is not a splitting
sequence.
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Example 2.2. Let us define qn = {i ∈ N : n = 2i−1(2k − 1) for some k ∈ N}.
Let Ai = {n ∈ N : qn = i}. From the construction it is evident that d(Ai) =
1
2i
i.e. d(Ai) > 0 for all i ∈ N and N =
∞⋃
i=1
Ai. Now for any m,M ∈ N with
m > M , observe that d({n ∈ N : qn ∈ [M,m]}) = d(
m⋃
i=M
Ai) > 0. Therefore, from
Proposition 2.2, (qn) is not a d-splitting sequence.
Motivated by these two examples, we present below equivalent conditions for a
sequence to be splitting or d-splitting (or in other words, equivalent formulations
of Proposition 2.1 and Proposition 2.2).
Proposition 2.3. Let (qn) be a sequence of natural numbers. For all i ∈ N, we
define Ai = {n : qn = i}. Then
(i) (qn) is a splitting sequence if and only if there does not exist a subsequence
(Ank)k∈N of (An) such that Ank is infinite for all k ∈ N:
(ii) (qn) is a d-splitting sequence if and only if there does not exist a subsequence
(Ank)k∈N of (An) such that d(Ank) > 0 for all k ∈ N.
For the next result we will use the following notations. Let (an) be an arithmetic
sequence and x ∈ T with canonical representation (1). Assume that the sequence
of ratios (qn) has the d-splitting property which means that there exists a partition
N = B ∪D such that (a), (b) and (c) of Definition 2.2 hold. We will write BS(x) =
B ∩ supp(x), BN (x) = B ∩ (N \ supp(x)) and DS(x) = D ∩ supp(x).
From Remark 2.1, it follows that D ∩ (N \ supp(x)) does not play any role in
Theorem 2.1. Note that if B,D 6= ∅, then there exists B′ ⊆ B and D′ ⊆ D such
that B′S(x), B′N (x) are q-bounded while D′S(x) is q-divergent. Our next result is
a characterization of a topological s-torsion element, when the sequence of ratios
(qn) has the d-splitting property.
Theorem 2.2. Let (an) be an arithmetic sequence and x ∈ T has canonical repre-
sentation 1. If the sequence of ratios (qn) has the d-splitting property, then x is a
topological s-torsion element i.e. x ∈ ts(an)(T) if and only if the following conditions
hold:
(i) BS(x) + 1 ⊆d supp(x), BS(x) ⊆d suppq(x), and if d(BS(x)) > 0 then
lim
n∈BS
1
(x)
cn+1+1
qn+1
= 1 in R, where B1 ⊆ B with d(B1) = d(B).
(ii) If d(BN (x)) > 0, then lim
n∈BN
1
(x)
cn+1
qn+1
= 0 in R, where B1 ⊆ B and d(B1) =
d(B).
(iii) If d(DS(x)) > 0, then lim
n∈DS
1
(x)
cn
qn
= 0 in T, where D1 ⊆ D and d(D1) =
d(D).
Proof. Necessity: Let x ∈ ts(an)(T). Observe that (a) and (b) of Theorem 2.1 hold.
(i) If d(BS(x) = 0, then there is nothing to prove. So, we consider the case
when d(BSx) > 0. Now, there exists a B′ ⊆ B with d(B′) = d(B) such
that B′ is q-bounded. Since d(B \ B′) = 0, we get B′S(x) ⊆d supp(x).
Therefore, taking A = B′S(x) in Theorem 2.1 and applying (a1), we get
B′S(x) + 1 ⊆d supp(x), B′S(x) ⊆d suppq(x) and lim
n∈BS
1
(x)
cn+1+1
qn+1
= 1 in R,
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where B1 ⊆ B′ and d(B1) = d(B′).
Again, since d(B\B′) = 0, we finally getBS(x)+1 ⊆d supp(x), BS(x) ⊆d
suppq(x) and lim
n∈BS
1
(x)
cn+1+1
qn+1
= 1 in R, where B1 ⊆ B with d(B1) = d(B).
(ii) Let d(BN (x)) > 0. Since d(BN (x) ∩ supp(x)) = 0, applying (a2) of Theo-
rem 2.1 to A = B′N (x), we get lim
n∈BN
1
(x)
cn+1
qn+1
= 0 in R, where B1 ⊆ B′ ⊆ B
and d(B1) = d(B
′) = d(B).
(iii) Let d(DS(x)) > 0. Since there exists D′ ⊆ D with d(D′) = d(D) such
that D′ is q-divergent, applying (b) of Theorem 2.1 to A = D′S(x) (As,
d(D′) = d(D) ⇒ d(D′S(x)) = d(DS(x)) > 0), we get lim
n∈DS
1
(x)
cn
qn
= 0 in T,
where D1 ⊆ D′ ⊆ D and d(D1) = d(D′) = d(D).
Sufficiency: Let the conditions hold. It suffices to show that the conditions of
Theorem 2.1 hold. If d(supp(x)) = 0 then there is nothing to prove. So let us
assume that d(supp(x)) > 0. Consider any A ⊆ N with d(A) > 0.
(a) First suppose that A is q-bounded.
(a1) Let A ⊆d supp(x). Since A is q-bounded, A ⊆d B. Therefore,
A ⊆d BS(x) and we get d(BS(x) > 0. By (i), we have BS(x) + 1 ⊆d
supp(x), BS(x) ⊆d suppq(x) and lim
n∈BS
1
(x)
cn+1+1
qn+1
= 1 in R, where
B1 ⊆ B and d(B1) = d(B). Again, since A ⊆d BS(x), we get
A + 1 ⊆d supp(x), A ⊆d suppq(x) and lim
n∈A′
cn+1+1
qn+1
= 1 in R, where
A′ = A ∩B1 ⊆ A and d(A) = d(A′).
(a2) Now, let d(A ∩ supp(x)) = 0. Since A is q-bounded, A ⊆d B. There-
fore, A ⊆d BN (x) and we get d(BN (x)) > 0. By (ii), we have
lim
n∈BN
1
(x)
cn+1
qn+1
= 0 in R, where B1 ⊆ B and d(B1) = d(B). Now,
taking A′ = A ∩ B1, we get lim
n∈A′
cn+1
qn+1
= 0 in R, where A′ ⊆ A and
d(A′) = d(A) ( Since, d(A \A′) = d(A \B1) = d(A \B) = 0).
(b) Let us now assume that A is q-divergent. Then we have A ⊆d D. From Re-
mark 2.1, without any loss of generality we can assume that A ⊆ supp(x).
Therefore, A ⊆d DS(x) and we get d(DS(x)) > 0. By (iii), we have
lim
n∈DS
1
(x)
cn
qn
= 0 in T, where D1 ⊆ D and d(D1) = d(D). Now, taking
A′ = A ∩D1, we get lim
n∈A′
cn
qn
= 0 in T, where A′ ⊆ A and d(A′) = d(A) (
Since, d(A \ A′) = d(A \ D1) = d(A \ D) = 0). Therefore, from theorem
2.1, we can conclude that x ∈ ts(an)(T).

In particular, one can obtain simpler characterizations of topological s-torsion
elements when supp(x) is either q-bounded or q-divergent for the given arithmetic
sequence.
SOLUTION OF A GENERAL VERSION OF ARMACOST’S PROBLEM 13
Corollary 2.1. If supp(x) is q-bounded, then x ∈ ts(an)(T) if and only if the fol-
lowing statements hold:
(i) d((supp(x) + 1) \ supp(x)) = 0, and (ii) d(supp(x) \ suppq(x)) = 0.
Proof. Let x ∈ ts(an)(T). If d(supp(x)) = 0 then there is nothing to prove. So,
assume that d(supp(x)) > 0. Since supp(x) is q-bounded and d(supp(x)) > 0, we
set A = supp(x). Therefore from item (a1) of Theorem 2.1, we get supp(x) + 1 ⊆d
supp(x) and supp(x) ⊆d suppq(x). Thus, we have d((supp(x) + 1) \ supp(x)) = 0,
and (ii) d(supp(x) \ suppq(x)) = 0.
In order to prove the sufficiency of the conditions, if possible, suppose that there
is a x ∈ ts(an)(T) for which (i) does not hold i.e d((supp(x) + 1) \ supp(x)) > 0.
Since, d(supp(x) + 1) = d(supp(x)), we must have d(supp9x)) > 0. Now, taking
A = supp(x) and applying item (a1) of Theorem 2.1, we get A+ 1 ⊆d supp(x) i.e.
d(supp(x)+ 1 \ supp(x)) = 0 − which is a contradiction. Therefore (i) holds true.
Now, let us consider that (ii) does not hold i.e. d(supp(x) \ suppq(x)) > 0 but
x ∈ ts(an)(T). Set A = supp(x) \ suppq(x) and q = 1+ maxn∈supp(x)
{qn}. Consequently,
from equation (8), we obtain
1
q
< lim
n∈A
cn
qn
≤ lim
n∈A
{an−1x} < lim
n∈A
cn + 1
qn
≤ lim
n∈A
qn − 1
qn
= 1− lim
n∈A
1
qn
< 1−
1
q
⇒ lim
n∈A
{an−1x} 6= 0 in T for some d(A) > 0
− Which is a contradiction. Therefore (ii) holds true. 
Corollary 2.2. If supp(x) is q-divergent, then x ∈ ts(an)(T) if and only if the
following statements hold:
(i) lim
n∈D′
cn
qn
= 0 in T for some D′ ⊆ supp(x) with d(D′) = d(supp(x)); and
(ii) For every D ⊆d supp(x) such that D − 1 is q-bounded, lim
n∈D′
cn
qn
= 0 in R,
where D′ ⊆ D and d(D′) = d(D).
Proof. First, let x ∈ ts(an)(T). If d(supp(x)) = 0, then there is nothing to prove.
So, let us assume that d(supp(x)) > 0. Now, taking A = supp(x) and applying
item (b) of Theorem 2.1, we can conclude that (i) holds true. Next let us suppose
that A = D − 1 is q-bounded for some D ⊆ supp(x). If d(A) = d(D) = 0, then
there is nothing to prove. Therefore, we can assume d(A) > 0. Since, supp(x) is q-
divergent, we have d(A∩supp(x)) = 0. Now, applying item (a2) of Theorem 2.1, we
have lim
n∈A′
cn+1
qn+1
= 0 in R for some A′ ⊆ A with d(A′) = d(A). Putting D′ = A′ + 1,
we get lim
n∈D′
cn
qn
= 0 in R, where D′ ⊆ D and d(D′) = d(A′) = d(A) = d(D).
Conversely, let us assume that the conditions hold. To prove that x ∈ ts(an)(T),
we need to show (a) and (b) of Theorem 2.1 hold. Since (b) follows from (i), it is
sufficient to show only (a). If d(supp(x)) = 0, then x ∈ ts(an)(T). So, assume that
d(supp(x)) > 0. Now, take any A ⊆ N with d(A) > 0. If A is q-bounded, then
d(supp(x)∩A) = 0. Therefore, we need to prove only (a2). If d((A+1)∩supp(x)) =
0, then taking A′+1 = (A+1) \ supp(x), we get lim
n∈A′
cn+1
qn+1
= 0 in R, where A′ ⊆ A
with d(A′) = d(A′ + 1) = d(A + 1) = d(A). Now considering the situation when
d((A + 1) ∩ supp(x)) > 0, taking D = (A + 1) ∩ supp(x) and applying (ii), we get
lim
n∈D′
cn
qn
= 0 in R for some D′ ⊆ D with d(D′) = d(D). Thus, putting A′ = D′ − 1
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in a similar manner, we obtain that lim
n∈A′
cn+1
qn+1
= 0 in R for some A′ ⊆ A with
d(A′) = d(A). Therefore, (a2) holds and we finally have x ∈ ts(an)(T). 
Following observations follow from our main results, giving certain particular
cases of an element of T being or not being a topological s-torsion element.
• If supp(x) is q-divergent and lim
n∈A
cn
qn
= 0 in R for some A ⊆ supp(x) with
d(A) = d(supp(x)), then x is a topological s-torsion element of T.
• Suppose x ∈ T has canonical representation 1 with q-divergent support. If
d({n ∈ supp(x) : (cn) is bounded}) = d(supp(x)), then x is a topological s-torsion
element of T.
• Suppose A is q-divergent and d(A) = 1. Then x is a topological s-torsion
element of T if and only if lim
n∈D′
cn
qn
= 0 in T for some D′ ⊆ supp(x) with d(D′) =
d(supp(x)).
• Let (an) be an arithmetic sequence and x ∈ T be such that
(i) supp(x) =
∞⋃
n=1
[pn, rn], pn, rn ∈ N, pn ≤ rn < pn+1 for all n ∈ N;
(ii) there exist l ∈ N such that for all n ∈ N, |rn − pn| ≤ l and |pn+1 − rn| ≤ l;
(iii) supp(x) is q-bounded.
Then x is not a topological s-torsion element of T.
• Let (an) be an arithmetic sequence and x ∈ T be such that
(i) d(supp(x)) > 0 and supp(x) is q-divergent;
(ii) for all n ∈ supp(x), cn
qn
∈ [r1, r2], where 0 < r1, r2 < 1.
Then x is not a topological s-torsion element of T.
References
[1] D. L. Armacost, On pure subgroups of LCA groups, Proc. Amer. Math. soc., 45 93), (1974),
414 - 418.
[2] D. L. Armacost, The structure of locally compact abelian groups, Monographs and Textbooks
in Pure and Applied Mathematics, Marcel Dekker Inc., New York 68 (1981).
[3] M. Balcerzak, K. Dems, A. Komisarski, Statistical convergence and ideal convergence for
sequences of functions, Jour. Math. Anal. Appl., 328 (1) (2007), 715–729.
[4] G. Babieri, D. Dikranjan, C, Milan, H. Weber, Topological torsion related to some recursive
sequences of integers, Math. Nachr., 281(7) (2008), 930–950.
[5] A. B´ıro´, J.M. Deshouillers, V.T. So´s, Good approximation and characterization of subgroups
of R/Z, Studia Sci. Math. Hungar., 38 (2001), 97–113.
[6] J.-P. Borel, Sous-groupes de R lie´s a´ la re´partition modulo 1 de suites, Ann. Fac. Sci. Toulouse
Math., 5(34) (1983), 217-235.
[7] J.-P. Borel, Sur certains sous-groupes de R lie´s a´ la suite des factorielles, Colloq. Math., 62(1)
(1991), 21-30.
[8] J. Braconnier, Sur les groupes topologiques primaries, C.R. Acad. Sci. Paris, 218 (1944),
304–305.
[9] R. C. Buck, The measure theoretic approach to density, Amer. J. Math., 68 (1946), 560–580.
[10] J. Connor, R-type summability methods, Cauchy criteria, P-sets and statistical convergence,
Proc. Amer. Math. Soc., 115 (1992), no. 2, 319–327.
[11] J. Connor, M. Ganichev, V. Kadets, A Characterization of Banach Spaces with Separable
Duals via Weak Statistical Convergence, Jour. Math. Anal. Appl., 244 (2000), 251 - 261.
[12] R. Di Santo, D. Dikranjan, Answer to Armacost’s quest on topologically torsion elements of
the circle group, Commun. Algebra, 32 (2004), 133–146.
SOLUTION OF A GENERAL VERSION OF ARMACOST’S PROBLEM 15
[13] R. Di Santo, D. Dikranjan, A. Giordano Bruno, Characterized subgroups of the circle group,
Ric. Mat., 67(2) (2018), 625–655.
[14] D. Dikranjan, Topologically torsion elements of topological groups, Topol. Proc., 26 (2001–
2002), 505-532.
[15] D. Dikranjan, D. Impieri, Topologically torsion elements of the circle group, Commun. Alge-
bra, 42 (2014), 600–614.
[16] D. Dikranjan, P. Das, K. Bose, Statistically characterized subgroups of the circle, Fund.
Math., DOI: 10.4064/fm690-8-2019, published online: 13 december, 2019, 25 pages.
[17] D. Dikranjan, K. Kunen, Characterizing countable subgroups of compact abelian groups, J.
Pure Appl. Algebra, 208 (2007), 285–291.
[18] D. Dikranjan, C. Milan and A. Tonolo, A characterization of the MAP abelian groups, J.
Pure Appl. Algebra, 197 (2005), 23–41.
[19] D. Dikranjan, Iv. Prodanov and L. Stoyanov, Topological Groups: Characters, Dualities and
Minimal Group Topologies, Pure and Applied Mathematics, Marcel Dekker Inc., New York
(1989).
[20] G. Di Maio, Lj.D.R. Kocˇinac, Statistical convergence in topology, Topology Appl., 156 (2008),
28–45.
[21] H. Eggleston, Sets of fractional dimensions which occur in some problems of number theory,
Proc. Lond. Math. Soc., 54(2) (1952), 42–93.
[22] H. Fast, Sur la convergence statistique, Colloq. Math., 2 (1951), 241–244.
[23] J.A. Fridy, On statistical convergence, Analysis, 5(4) (1985), 301–313.
[24] S. Gabriyelyan, On T-sequences and characterized subgroups, Topology Appl., 157 (2010),
2834 - 2843.
[25] S. Gabriyelyan, Characterizable groups: some results and open questions, Topol. Appl., 159
(2012), 2378–2391.
[26] J. Hart, K. Kunen, Limits in function spaces and compact groups, Topol. Appl., 151 (2005),
157–168.
[27] T. Sˇala´t, On statistically convergent sequences of real numbers, Math. Slovaca, 30(2) (1980),
139–150.
[28] H. Steinhaus, Sur la convergence ordinaire et la convergence asymptotique, Colloq. Math., 2
(1951), 73–74.
[29] U. Yamanchi, M. Gurdal, Statistical convergence and operators on Fock space, New York
Jour. Math., 22 (2016), 199–207.
[30] A. Zygmund, Trigonometric Series, vols. I,II, Cambridge University Press, Cambridge, New
York, Melbourne (1977).
Department of Mathematics, Jadavpur University, Kolkata-700032, India
E-mail address: pratulananda@yahoo.co.in
Department of Mathematics, Jadavpur University, Kolkata-700032, India
E-mail address: ayanghosh.jumath@gmail.com
